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Abstract
Different solution strategies to the relaxed Saint-Venant problem are presented and comparatively discussed from a mechanical
and computational point of view. Three approaches are considered; namely, the displacement approach, the mixed approach, and
the modiﬁed potential stress approach. The different solution strategies lead to the formulation of two-dimensional Neumann and
Dirichlet boundary-value problems. Several solution strategies are discussed in general, namely, the series approach, the reformulation
of the boundary-value problems for the Laplace’s equations as integral boundary equations, and the ﬁnite-element approach. In
particular, the signatures of theﬁnite-elementweak solutions—the computational costs, the convergence, the accuracy—are discussed
considering elastic cylinders whose cross sections are represented by piece-wise smooth domains.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Saint-Venant rod theory [3,4] is a well-established theory in linear elasticity and represents a powerful theoretical
basis for the study of slender bodies subject to general loading conditions [11,18]. This classical elastic problem has
attracted numerous researchers [1–18] since its foundation due to A.J.C. Barré de Saint-Venant in 1856. It may appear
surprising that after one and a half century it is still considered an interesting mechanical and mathematical problem
deserving further investigations. One of the principal reasons lies in the fact that all kinds of analyses of rod-like bodies
modeled as a one-dimensional continuum as opposed to three-dimensional treatments, regardless of the employed
solution approach (analytical or semi-analytical, ﬁnite-element or ﬁnite differences), require a preliminary accurate
evaluation of the rod elastic properties—such as the torsional and shear rigidities—as well as generalized elasto-
geometric properties—such as the warping rigidity and other properties—for the study of the elastic behavior per se
or for the assessment of the elastic stability in the case of thin-walled rods [15]. The interest is not merely theoretical,
indeed it has a technical relevance since rod-like mechanical behaviors can be exhibited by slender cylindrical bodies
with simple and compact cross sections as well as by more complex structures as tall buildings or skyscrapers with
complicated cross-section geometries.
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Nomenclature
A cross-sectional area
C centroid of the cross-section domain
F ﬂexure center
(J1, J2), J bending and torsional moments of inertia
 cylinder length
(M1,M2), T bending couples and torque
(Q1,Q2), N shear forces and normal force
x1, x2, x Cartesian coordinates
u1, u2, u displacement components
w warping displacement
Ws shear strain energy per unit reference length
,  longitudinal stress and elongation
E Young’s modulus
G tangential elasticity modulus
 Poisson’s coefﬁcient
1, 2 shear strains
ε elongation of the centroidal ﬁber
(1, 2),  bending curvatures and twist curvature
a1, a2, a inertial reference frame
fi surface force density on the end bases Di (i = 1, 2)
m, q prescribed resultant couple and force
m,q prescribed bending couple and shear force
n unit outward normal to the cylinder boundary
S,E stress and strain tensors
S,E stress and strain tensors restricted to the cross-section plane (x1, x2)
t Cauchy surface traction vector
x,u position and displacement vectors
x,u position and displacement vectors restricted to the cross-section plane (x1, x2)
x(F) position vector of the ﬂexure center
 shear factor tensor
,μ bending curvature and gradient of the ﬂexure curvature
,  shear stress and shear strain restricted to the cross-section plane (x1, x2)
B reference conﬁguration of Saint-Venant cylinder
Di terminal bases (i = 1, 2)
Q,M resultant force and couple of the traction internal forces on D2
Sl mantel
A,Bi axial and bending stiffness (i = 1, 2)
j warping functions (j = 1, 2, 3)
j potential stress functions in the mixed approach (j = 1, 2, 3)
	j ,
j potential stress functions in the stress approach (j = 1, 2, 3)
While the associated axial and bending stiffness properties are easily obtained from the normal stress distribu-
tion, known in closed form, the torsional and shear rigidities, resulting from the shear stress distribution, ensue from
the solution of two-dimensional boundary-value problems deﬁned on the cross-section domain. This task becomes
computationally demanding when the cross section is not simply connected and possesses a high number of lacu-
nae. Moreover, the elastic solution of the one-dimensional polar continuum theory, based on the mentioned global
characteristics, delivers the internal stress of the rod-like body only in terms of resultant internal forces. However, to
determine the local stress distribution, recourse to the Saint-Venant theory is necessary. Hence, the effectiveness and
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accuracy of the computational approach for a numerically reﬁned solution of the Saint-Venant problem becomes a key
aspect.
This problem was raised and tackled in a number of recent papers and books (see [13,14]). In particular, in [13]
different discretization schemes including ﬁnite-element and boundary element alternatives were proposed to solve the
two-dimensional boundary-value problems and the 6-node triangular ﬁnite-elements were shown to be the best choice.
These studies employed the formulation, derived from the theory of boundary-value problems, whereby the shear stress
is expressed as the superposition of a particular solution and the homogeneous solution. The latter, governed by the
Laplace’s equation with non-homogeneous boundary conditions, is found via FE or BE discretizations. Recently, in
[8] semi-analytical ﬁnite-elements were proposed to construct Saint-Venant solutions for extension, bending, torsion,
and ﬂexure of a prismatic cylinder with inhomogeneous, anisotropic cross-sectional properties.
In the present paper, we elaborate on the different solution strategies, stemming from the different approaches
employed to formulate the underlying elastic problemwith the aim of assessing the comparative ease of implementation,
computational effectiveness and accuracy. It is known that, in elasticity, the problems can be formulated selecting the
displacement ﬁeld (or position ﬁeld) or the stress ﬁeld as the primary unknowns. The ensuing methods are named the
displacement and stress methods, respectively. On the other hand, when the unknowns are partly displacements and
partly stresses, the method is the force-displacement or mixed method.
In particular, with the displacement approach, the local balance equations and boundary conditions are expressed in
terms of a compatible displacement ﬁeld which is determined as a function of three warping functions. The governing
equations are three Neumann boundary-value problems and the presence of lacunaewithin the domain does not increase
the number of unknowns. An alternative approach, discussed in [2] and implemented in the schemes presented in [13],
here referred to as the mixed approach, is shown to lead to the same type of Neumann boundary-value problems as
in the displacement method. This approach exhibits a hybrid character, due to the fact the solution is expressed as the
superposition of a particular solution of the equilibrium and compatibility equations and the solution of the associated
homogeneous problems. The latter is found assuming potential functions that identically satisfy the compatibility
equations and are solutions of the equilibrium equations.
Inspired by the fundamental theorem of vector calculus and by Prandtl’s approach to the torsion problem, a modiﬁed
version of the potential stress method is employed to express the shear stress, due to a shear force applied at the ﬂexure
center, as the superposition of an irrotational ﬁeld and a solenoidal ﬁeld. With this approach, discussed in [12] and here
computationally implemented and discussed, the solution is found solving Dirichlet and Neumann boundary-value
problems. An insightful physical interpretation of the properties of the shear stress ﬁeld and its dependence on the
Poisson’s ratio is gained; however, this approach becomes seriously demanding in the presence of multiply connected
domainswith large numbers of lacunae.Nonetheless, qualitative aspects of the tangential stress ﬁeld can be conveniently
extracted from the equipotential lines of the stress functions.
For all approaches, besides the ﬁnal governing equations, the coordinates of the ﬂexure center and the tensor of the
shear factors are explicitly given. Different solutions strategies of the resulting Dirichlet and Neumann boundary-value
problems are comparatively discussed; namely, the series approach, the reformulations as Laplace’s equations and
their reduction to integral boundary equations, the method of conformal mapping, and fully numerical weak solution
strategies as the ﬁnite-element method.
In particular, the weak solutions related to some technically meaningful piece-wise smooth domains are obtained
using a FE discretization scheme based on triangular elements and some of the properties of the solutions relating
to the computational effectiveness, convergence and accuracy are investigated. Conclusions about the most effective
approaches are drawn.
2. Saint-Venant rod theory
In this section, the elasto-static Saint-Venant rod theory is summarized in view of the subsequent discussion of the
different formulations and solution strategies. In the following, the boldface letters will indicate vectors of E3 and the
boldface capital letters will denote tensors in E3.
Let us consider a linearly elastic cylinder occupying in E3 the reference conﬁgurationBwhose length is , the lateral
surface (the so-called mantel) is denoted Sl and the terminal bases D1 and D2 (see Fig. 1a); the generic transverse
section of the cylinder is a domain D with a smooth or piece-wise smooth boundary D. The cylinder is referred to a
Cartesian reference frame (O, x1, x2, x) with unit vectors (a1, a2, a), where O ≡ C1 is the centroid of D1, x1 and x2
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Fig. 1. The Saint-Venant cylinder with the reference frame: (a) the original problem and (b) the relaxed problem with the associated data.
are the coordinates along the principal axes of inertia ofD and x is the coordinate along the cylinder axis or centroidal
line. Further, let u(x) describe the displacement vector of the material point x, where x indicates the position vector of
a material point in the reference conﬁguration B.
The Saint-Venant problem consists in seeking a smooth equilibrium displacement ﬁeld u (the body forces are null
everywhere) subject to the requirements [9]
t(u) = 0 on Sl and t(u) = fi on Di , i = 1, 2, (1)
where t represents the Cauchy surface traction vector and fi is the prescribed surface force density on the end baseDi .
Necessary conditions for the existence of a solution of this problem are the balance of linear and angular momentum
of the cylinder; namely,∫
D1
f1 dA +
∫
D2
f2 dA = 0 and
∫
D1
x × f1 dA +
∫
D2
x × f2 dA = 0, (2)
where × denotes the vector product and dA is the measure of an inﬁnitesimal area element of Di . Eqs. (2) represent
the compatibility conditions on the data, the traction forces on the end bases.
We shall consider the relaxed formulation of the Saint-Venant problem [10] consisting in prescribing the stress
resultants of the traction forces f instead of the point-wise traction forces. By virtue of the necessary conditions (2), the
force resultants and moments applied on the two bases are not independent; here, the resultant force and moment on
the end base D2 are prescribed. Therefore, the point-wise boundary conditions on the bases, Eq. (1)2, can be replaced
with
Q(u) = q and M(u) = m, (3)
where q and m are the resultant force and the resultant moment about C2 of the surface forces acting onD2 (C2 is the
centroid of D2); Q(·) and M(·) are vector-valued functionals deﬁned by
Q(u) =
∫
D2
t(u) dA and M(u) =
∫
D2
x × t(u) dA, (4)
where, according to Cauchy–Poisson’s theorem, t = Sn with S indicating the stress tensor and n ≡ a, the unit outward
normal to the base D2. Further, x is the vector component of x lying in the cross-section plane (x1, x2).
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The geometry of the cylinder, B = D × [0, ], suggests [7] to decompose the position vector x, the displacement
u, the stress tensor S and the inﬁnitesimal strain tensor E along the cross-section plane (x1, x2) and along the cylinder
axis x, respectively. That is,
x = x + xa, u = u + ua, S =
[ S 
 
]
, E =
⎡
⎢⎣
E

2

2

⎤
⎥⎦ , (5)
where: x := x1a1 + x2a2; u := u1a1 + u2a2; S and E are the stress and strain tensors restricted to the cross-section
plane (x1, x2), respectively;  := 1a1 + 2a2 and  := 1a1 + 2a2 are the shear stress vector and the shear strain
vector parallel to the cross section;  := S33 and  := E33 are the longitudinal stress and elongation of the cylinder,
respectively; the superscript  indicates the transpose. As known from inﬁnitesimal strain theory, i := 2Ei3 is the
shear strain between material ﬁbers collinear with xi and x.
In the same fashion, the prescribed resultant force vector and moment are decomposed into their components along
the cross section and the cylinder axis. That is, q = q + Na, N is the normal force and q = Q1a1 + Q2a2 is the shear
force; m = m + T a, T is the torque and m = M1a1 + M2a2 is the bending couple (see Fig. 1b). The prescribed force
resultant system (N,q, T ,m) is equivalent to (N,q(F), T (F),m), where q(F) ≡ q is the shear force applied at the
ﬂexure center F [12,15,16] whose position vector is denoted x(F), and the resultant torque of the traction forces with
respect to the ﬂexure center F is
T (F) := T − x(F) × q(F) · a = T − (x(F)1 Q2 − x(F)2 Q1), (6)
where · stands for the standard inner product in Euclidean space. The shear force q(F) generates a pure ﬂexure (non-
uniform bending) without twisting; on the other hand, the torque T (F) generates pure torsion without ﬂexure.
The local equilibrium equations, DIV S = 0, and compatibility conditions, ROT ROT S = 0, are greatly simpliﬁed
once the Saint-Venant conjecture, S = 0, is incorporated. Here, DIV and ROT indicate the divergence and the curl
tensors in E3, respectively. In particular, the simpliﬁed balance equations become

x
= 0, ∇ ·  + 
x
= 0, (7)
where ∇ is the gradient operator in the plane which, in Cartesian coordinates, reads ∇ := /x1a1 + /x2a2. From
Eq. (7)1,  = (x).
Integrating part of the compatibility equations, the longitudinal elongation ﬁeld is obtained in the form:
(x) = ε + [ + (x − l)μ] × x · a, (8)
where (ε, ,μ) are generalized strain variables [7,9,12,16]. To express (ε, ,μ) in terms of the prescribed vector q and
m, the three integral balance equations on the bases involving , Eqs. (3) and (4), can be conveniently replaced with∫
D2
 dA = N,
∫
D2
x × a dA = m,
∫
D1
x × a dA = m + la × q, (9)
where, due to the constitutive laws of linearly hyperelastic homogeneous and isotropic materials, =E (E isYoung’s
modulus), and  is given by (8). The result is
ε = N
A
,  = M1
B1
a1 + M2
B2
a2, μ= Q2
B1
a1 − Q1
B2
a2, (10)
where A := EA is the axial stiffness; Bi := EJ i is the bending stiffness around the ai axis; A is the area of the cross
sectionD; and Ji is the moment of inertia ofD about the principal axis xi . The calculated generalized strains ε,  and
μ denote the longitudinal elongation of the centroidal ﬁber, the uniform bending curvature and the ﬂexure curvature
gradient, respectively. Consequently, the normal stress, = E, is
= N
A
+ M1
J1
x2 − M2
J2
x1 + (x − l)
(
Q1
J2
x1 + Q2
J1
x2
)
. (11)
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The remaining local equilibrium, Eq. (7)2, and the compatibility equation, along with the boundary condition on the
mantel, Sn = 0 with S given by (5)3, and the constitutive law  = G, lead to the following boundary-value problem
for (x):
div  = −
(
Q1
J2
x1 + Q2
J1
x2
)
in D,
curl  =
[
¯
(
Q2
J1
x1 − Q1
J2
x2
)
+ 2Gk
]
a in D,
 · n = 0 on D, (12)
where ¯ := /(1 + ),  is the Poisson’s ratio, G := E/(2(1 + )) is the tangential elasticity modulus, k is the twist
curvature and n is the outward unit vector normal to the cylinder boundary D, and hence lying in the (x1, x2)-plane.
For multiply connected domains, the boundary of the domain must be intended as the union of the exterior boundary
and the boundaries of the inner lacunae, D=⋃Lh=0 Dh, with D0 indicating the exterior boundary. To express k as
a function of T (F), these equations must be supplemented with the remaining integral balance equation on D2:∫
D2
x ×  dA · a = T (F). (13)
Furthermore, to evaluate the shear factors ij (i, j = 1, 2) of the cross-section [12,14,18], let the shear stress ﬁeld,
obtained from Eq. (12) with k = 0, be in the form:
(F) = ′1Q1 + ′2Q2, (14)
where the prime indicates the shear stress due to the corresponding unit shear force. The shear strain energy per unit
reference length in the x-direction, accounting for (14) and  = G, becomes
Ws = 12G
∫
D
(F) · (F) dA = 1
2GA
2∑
i,j=1
ijQiQj = 12GAq
q, (15)
where the 2 × 2 components of the shear factor tensor = [11, 12; 21, 22] are expressed as
ij := A
∫
D
′i · ′j dA, i, j = 1, 2. (16)
Since ij = ji ,  is a real symmetric tensor. The real and positive eigenvalues of the shear factor tensor  are the
principal shear factors—henceforth indicated with (I, II)—and the associated orthogonal eigenvectors, (z1, z2),
represent the principal shear directions.
In the next sections, three formulations are discussed in detail starting from the displacement approach.
3. The displacement approach
Eqs. (11) and (12) and the Saint-Venant’s conjecture lead to the following kinematic equations:
sym ∇u = −I, u
x
= ,  = u
x
+ ∇u, (17)
where I is the 2× 2 identity tensor, sym ∇u is the symmetric part of the gradient tensor ∇u, and  is given by (8). Eqs.
(17) along with the compatibility equation curl  · a = 2μ · x + 2k, can be integrated to obtain the displacement ﬁeld
(u, u) which, neglecting the inﬁnitesimal rigid displacement, is cast in the form
u(x, x) =
[
1
2 x
2 + ( 16 x3 − 12 lx2)μ
]
× a + kxa × x + [vε(x) + v(x) + (x − l)v(x)],
u(x, x) = εx +
[
x + ( 12 x2 − lx)μ
]
× x · a + w(x), (18)
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where (ε, ,μ) are expressed in terms of (q,m) by (10). In the transverse displacement (18)1, we recognize the leading
contributions due to the uniform bending () depending on the bending couple m, the non-uniform bending (μ)
depending on the shear force q, the uniform twist contribution (k) depending on the torque T (F). On the other hand,
vε, v, v are functions governing the secondary displacement caused by the Poisson’s lateral contraction effect due to
extension ε, bending  and ﬂexure μ, respectively:
vε(x) = −ε(x1a1 + x2a2),
v(x) =
[
−k1x1x2 + 12 k2(x21 − x22 )
]
a1 +
[
k2x1x2 + 12 k1(x21 − x22 )
]
a2,
v(x) =
[
−1x1x2 + 12 2(x21 − x22 )
]
a1 +
[
2x1x2 + 12 1(x21 − x22 )
]
a2. (19)
In the longitudinal displacement (18)2, besides the leading contribution due to the uniform extension, bending and
ﬂexure, w is an undetermined function of x1 and x2, representing the warping displacement due to ﬂexure and torsion.
The warping function will be determined using (17)3 and subsequently the equilibrium equation (12)1. Due to the
linearity of the problem,we letw be expressed as the superposition of the threewarping functionsj (x1, x2) (j=1, 2, 3)
as
w := Q1
E
1 + Q2
E
2 + k3. (20)
Using Eq. (17)3 and the constitutive law  = G,  can be expressed in the form
 = 1
2(1 + ) (Q1∇1 + Q2∇2) + G[k(∇3 + a × x) + v]. (21)
Compatibility equation (12)2 is identically satisﬁed whereas the balance equation (12)1 gives the following Neumann
boundary-value problems for the three warping functions:
∇2j = −2
(
x1
J2
1j + x2
J1
2j
)
in D; j
n
= gj (x1, x2) on D, j = 1, 2, 3, (22)
g1 := 
J2
[
1
2
(x21 − x22 )n1 + x1x2n2
]
, g2 := − 
J1
[
1
2
(x21 − x22 )n2 − x1x2n1
]
, g3 := x2n1 − x1n2, (23)
where ∇2 := 2/x21 + 2/x22 is the two-dimensional Laplacian operator in Cartesian coordinates, n1 and n2 are the
components of the unit outward vector normal to the boundary D, ij is the Kronecker delta tensor. Once the warping
functions j have been determined as solutions of (22), the integral balance equation (13), taking into account (6),
yields
k = 1
GJ
(T − x(F) × q(F) · a) = T
(F)
GJ
, (24)
where the torsional inertia and the coordinates of the ﬂexure center are given by
J :=
∫
D
x · x dA +
∫
D
x × ∇3 · a dA,
x
(F)
1 := −
1
2(1 + )
∮
D
2x · ds + ¯4J1
∫
D
x1(x · x) dA,
x
(F)
2 :=
1
2(1 + )
∮
D
1x · ds + ¯4J2
∫
D
x2(x · x) dA (25)
and ds denotes the inﬁnitesimal line vector in the arclength direction along the boundary D.
In some cases, we may not be interested in calculating the overall elastic displacement ﬁeld u; then, it may be
more convenient and less costly to directly solve (12). This can be achieved: (i) expressing the solution of (12) as the
superposition of a particular solution and the solution of the homogeneous problem [2] or (ii) exploiting the potential
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ﬁeld theory [12]. In the following we present both approaches; approach (i) is referred to as the mixed approach and
approach (ii) is referred to as the modiﬁed potential stress formulation.
4. The mixed approach
The underlying idea, borrowed from the theory of ordinary-differential equations, is to express the solution of (12)
as the superposition of a particular solution and the solution of the homogeneous equation.
A particular solution of (12) is ∗ = ∗1a1 + ∗2a2 with
∗1 = −
Q1
2J2
(x21 − ¯x22 ) − Gkx2, ∗2 = −
Q2
2J1
(x22 − ¯x21 ) + Gkx1. (26)
On the other hand, the solution of the associated homogeneous equations satisﬁes the following ﬁeld equations:
div 0 = 0, curl 0 = 0 in D; 0 · n = g∗(x) on D, (27)
where
g∗ := −∗ · n = Q1g∗1 + Q2g∗2 + Gkg∗3 (28)
with
g∗1 :=
1
2J2
(x21 − ¯x22 )n1, g∗2 :=
1
2J1
(x22 − ¯x21 )n2, g∗3 := g3. (29)
Expressing the solution of (27) as a general irrotational vector (curl 0 =0) in terms of three potential stress functions
as
0(x) = Q1∇1(x) + Q2∇2(x) + Gk∇3(x) (30)
the potential functions j , taking into account Eqs. (27)1,3, are determined as solutions of the following Neumann
boundary-value problems:
∇2j = 0 in D; j
n
= g∗j (x) on D, j = 1, 2, 3. (31)
With the calculated potential functions j , the integral equation (13), accounting for (6), yields an expression for k
formally identical to (24) where
J :=
∫
D
|x|2 dA −
∮
D
3x · ds,
x
(F)
1 := −
∮
D
2x · ds − 12J1
∫
D
(x1x
2
2 − ¯x31) dA,
x
(F)
2 :=
∮
D
1x · ds − 12J2
∫
D
(x2x
2
1 − ¯x32) dA. (32)
5. The potential stress approach
In the next subsection, ﬁrst the standard potential stress approach is presented in a concise form. In the following
subsection, a modiﬁed version of the potential stress method is proposed.
5.1. The standard potential stress approach
The standard version of the potential stress approach consists in expressing the solution of the equilibrium equa-
tions (12)1 as the superposition of a particular solution and the solution of the homogeneous problem. A particular
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solution of (12)1 is
¯ = − Q1
2J2
x21a1 −
Q2
2J1
x22a2. (33)
The general solution is expressed as =[Q1∇×(
1a)+Q2∇×(
2a)+Gk∇×(
3a)]+ ¯where
3 is the well-known
Prandtl’s function. Hence, requiring that  satisfy (12)2,3 yields the following three Dirichlet boundary-value problems:
∇2
j = ¯
(
x2
J2
1j − x1
J1
2j
)
− 23j in D; 
j = g¯j (x) on D (34)
with
g¯1 := − 12J2
∫ s
0
x21 dx2, g¯2 :=
1
2J1
∫ s
0
x22 dx1, g¯3 := 0. (35)
The formulation for multiply connected domains requires supplementary integral compatibility conditions obtained
enforcing the monodromy of u on the domain.
5.2. The modiﬁed potential stress approach
A modiﬁed version of the potential stress approach is proposed here. The linearity of (12) governing the shear stress
ﬁeld  allows to express the latter as the superposition of two contributions; namely,  = (F) + (T) where (F) is the
shear stress ﬁeld generated by the shear force applied at the ﬂexure center F and (T) is the stress ﬁeld due to pure
torsion. Furthermore, by virtue of the fundamental theorem of vector calculus [5], it is possible to decompose (F) into
due ﬁelds, the irrotational ﬁeld 0 (i.e., curl 0 = 0) and the solenoidal ﬁeld  (i.e., div  = 0); that is, (F) = 0 + ¯.
Consequently, the irrotational ﬁeld 0 is governed by
div 0 = −Q2
J1
x2 − Q1
J2
x1, curl 0 · a = 0 in D; 0 · n = 0 on D. (36)
On the other hand, the solenoidal ﬁelds  and (T) are solutions of the following boundary-value problems:
div  = 0, curl  · a = Q2
J1
x1 − Q1
J2
x2 in D;  · n = 0 on D, (37)
div (T) = 0, curl (T) · a = 2Gk in D; (T) · n = 0 on D. (38)
The decomposition suggests the introduction of potential stress functions, due to the homogeneous nature of some
of the equations. Moreover, it possesses a deeper mechanical meaning. In fact, 0 represents the stress ﬁeld  due to
ﬂexure when the Poisson’s ratio vanishes; the ﬁeld  represents the derivative of (F) with respect to . Since  is small
for typical engineering material (although not negligible), 0 represents the prevalent part of (F), whereas ¯ is only
a perturbation of it.
For simply connected domains, let
0 = Q1∇	1 + Q2∇	2,  = Q1∇× (
1a) + Q2∇× (
2a), (T) = Gk∇× (
3a). (39)
Eq. (36) generate the following Neumann boundary-value problems for the potential stress functions 	j
∇2	j = −
x1
J2
1j − x2
J1
2j in D;
	j
n
= 0 on D, j = 1, 2. (40)
On the other hand, Eqs. (37)–(38) lead to the following Dirichlet boundary-value problems for the potential functions

j (j = 1, 2, 3)
∇2
j =
x2
J2
1j − x1
J1
2j − 23j in D; 
j = 0 on D, j = 1, 2, 3. (41)
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When the domains are multiply connected, integral compatibility conditions must be enforced. Let L be the number
of lacunae Dh, (h = 1, . . . , L), then the stress functions 
j can be expressed as

j = 
j0 +
L∑
l=1
yjl
j l, j = 1, 2, 3; l = 1, 2, . . . , L, (42)
where yjl indicate the real arbitrary values that the functions 
j attain on the lth lacuna. The Dirichlet problems (41)
become
∇2
j0 =
x2
J2
1j − x1
J1
2j − 23j in D; 
j0 = 0 on D,
∇2
j l = 0 in D; 
j l = 1 on Dl , 
j l = 0 on D0 and on Dn, n = l. (43)
The algebraic unknowns yjh are determined from the monodromy conditions∮
Dh
du3 = 0, h = 1, 2, . . . , L (44)
which, expressed in terms of 
j , become
L∑
l=1
(∮
Dh

j l
n
ds
)
yjl =I1h1j +I2h2j − 2Ah3j −
∮
Dh

j0
n
ds, (45)
where Ah, I1h and I2h are the area and some geometric properties of the hth lacuna, the latter given by
I1h := 12J2
∮
Dh
[
1
2
(x21 − x22 ) dx1 + x1x2 dx2
]
,
I2h := 12J1
∮
Dh
[
x1x2 dx1 − 12 (x
2
1 − x22 ) dx2
]
. (46)
Finally, with the functions 	i (i = 1, 2) and 
j (j = 1, 2, 3), the integral balance equation (13), after incorporating
(6), yields an expression for k formally identical to (24) with
J := 2
∫
D

3 dA,
x
(F)
1 := −
∮
D
	2x · ds + 2¯
∫
D

2 dA, x
(F)
2 :=
∮
D
	1x · ds − 2¯
∫
D

1 dA. (47)
The outlined solution, although meaningful from a physical point of view, becomes computationally demanding as a
result of the increased number of boundary-value problems.
6. Solution strategies
First, we outline the common mathematical structures of the different formulations which can be easily shown to
lead to homogeneous Laplace’s equations with Neumann or Dirichlet boundary conditions. In fact, for the displacement
and the standard stress approaches, the following particular solutions can be determined:
pj = −
x31
3J2
1j − x
3
2
3J1
2j , 

p
j = ¯
(
x32
6J2
1j − x
3
1
6J1
2j
)
− 1
2
(x21 + x22 )3j . (48)
Then, introducing the transformation j = vj + pj , the displacement approach yields the Neumann problem for the
Laplace’s equation
∇2vj = 0 in D; vj
n
= gj on D, j = 1, 2, 3, (49)
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where the data on the boundary are given by
g1 := 1
J2
{[(
1 + 
2
)
x21 −

2
x22
]
n1 + x1x2n2
}
,
g2 := 1
J1
{[(
1 + 
2
)
x22 −

2
x21
]
n2 + x1x2n1
}
, g3 := x2n1 − x1n2. (50)
The mixed approach, governed by Eq. (31), is naturally formulated as a Neumann problem for the Laplace’s equation
(49) with gj ≡ g∗j given by (29). On the other hand, the potential stress method, introducing the transformation

j = vj + 
pj , yields, in the case of simply connected domains
∇2vj = 0 in D; vj = gj on D, (51)
g1 := −¯ 16J2 x
3
2 −
1
2J2
∫ s
0
x21 dx2, g2 := ¯
1
6J1
x31 +
1
2J1
∫ s
0
x22 dx1, g3 :=
1
2
(x21 + x22 ). (52)
In general, classical solutions of the boundary-value problems (31), (49) or (51) can not be found for arbitrary
domains. Closed-form solutions are available for relatively simple domains such as the circular or elliptic domains. For
piece-wise smooth domains as the rectangle or square, solutions are available in series form.
There are a variety of approximate solution strategies ranging from analytical or semi-analytical to fully numerical
techniques. In particular, among the analytical and semi-analytical techniques, it is worth mentioning the method
of conformal mapping due to Muskhelishvili [17], the series approach and the reformulation of the boundary-value
problems as boundary integral equations.
The method of conformal mapping consists in reducing the boundary-value problems into Dirichlet and Neumann
problems for a unit circle by conformally mapping the given domain onto the interior of a unit circle since the solutions
of the Dirichlet and Neumann boundary-value problems on the unit circle are known. The difﬁculty of this method lies
in the search of the conformal transformation which, in general, is not an easy task.
One of the viable strategies for expressing the solution in series form relies on the fact that the general solution of
the Laplace’s equation, in Cartesian coordinates (x1, x2), is a linear superposition of e±ikx1e±kx2 , e±kx1e±ikx2 (k =
1, . . . ,∞, i is the imaginary unit) whereas in polar coordinates (r, ), it is r±ke±ik where the constant arising from
the separation of variables was taken to be the integer k. That is, letting vj (x1, x2) = Uj(x1)Vj (x2), it is U ′′j /Uj =
−V ′′j /Vj = , then  = k ∈ N. Other choices are dictated by the boundary conditions. Moreover, in the Fourier
series approach, the boundary data are expanded, whenever possible, in a Fourier series which regulates the form of
the general solution such that there is a matching on the boundary; equating coefﬁcients of like series terms on the
boundary leads to the determination of the series. Other approaches are possible enforcing that the general solution
satisfy the Neumann or Dirichlet boundary conditions in a weighted residual sense (Galerkin) or in a point-wise sense
(collocation) or in a more generalized sense. In these integral approaches, the boundary can be discretized with line
segments or more general curved elements. Of course, for multiply connected domains, the calculations become more
intense.
An alternative approach consists in reformulating the Laplace’s equation as a boundary integral equation and then
numerically solving it [1]. Boundary integral equations have been studied by Fredholm et al. [1]; there is a large
body of works dealing with these equations including a number of numerical methods for their solution. A concise
summary of the reformulations of the Dirichlet andNeumann problems is given inAppendix B. Thismethod is powerful
and efﬁcient as it certainly reduces the number of unknowns (boundary nodal values) with respect to ﬁnite-element
approaches (nodal values of the ﬁnite-elements within the domain and on the boundaries). Its implementation requires
an ad hoc programming and the parameterization/discretization of the boundary is a crucial step. These solution
approaches are powerful for parametric studies when, for example, we are interested in optimizing a certain domain
shape (e.g., with respect to the elastic load-carrying capacity) by perturbing around an initial domain.
For multiply-connected piece-wise smooth domains, a ﬁnite-element discretization approach, based on general-
purpose FE solvers, may turn out to be a good and convenient strategy. In the next section, some of the signatures of the
weak solutions obtained via ﬁnite-element analyses are explored along with their computational implications, one of
the objectives being the assessment of the most effective formulation out of the three within a ﬁnite-element solution
framework.
484 W. Lacarbonara, A. Paolone / Journal of Computational and Applied Mathematics 206 (2007) 473–497
7. Weak solutions: Some illustrative results
It is worth brieﬂy reviewing the weak formulations of the Dirichlet and Neumann boundary-value problems [1]
reported in Appendix C. The hypotheses of the Lax–Milgram lemma, also in the presence of piece-wise smooth
domains, are all satisﬁed ensuring the uniqueness of the weak solutions.
To investigate the computational differences as well as the accuracy of the weak solutions, we considered two rep-
resentative piece-wise smooth domains: a rectangular domain with an asymmetric rectangular lacuna and a circular
domain with a relatively narrow cut-out in the radial direction. The weak solutions of the Neumann and Dirichlet
boundary-value problems were obtained via a ﬁnite-element discretization based on triangular elements performed in
COMSOL [6]. Mention must be made of the fact that the weak solutions of simple domains (circular and rectangu-
lar) have been ﬁrst contrasted with the available closed-form solutions. The agreement fully validated the numerical
approach. However, for the investigated piece-wise smooth domains, no classical solutions exist, hence a convergence
study of the weak solutions has been carried out.
In Fig. 2, we show the geometric and elastic properties (centroid C, ﬂexure center F, and principal inertia and ﬂexure
axes) of the rectangular doubly-connected domain where the principal axes of inertia, x1 and x2, are shown in solid
lines whereas the principal ﬂexure axes, obtained as eigenvectors of , calculated with =0.3, are denoted with dashed
lines.
In Fig. 3, the warping functions 1, 2, and 3, obtained with the displacement approach are shown. We observe
around the corners the presence of high local gradients of the warping functions induced by the discontinuous change
of the boundary data at the corners. This is reﬂected into high local shear stresses which, according to (21), depend on
the gradients of the warping functions. From a mechanical point of view, the high local stresses around the corners are
due to the fact that the stress vector  must be tangent to the boundary for the equilibrium; hence, the abrupt change of
the tangent at the corners makes the shear stress change direction abruptly and the shear ﬂow ﬁeld experiences a high
increase in intensity while following the ﬂow lines with high local curvature.
On the other hand, the potential functions, 1, 2, and 3, obtained with the mixed approach, are shown in Fig. 4.
We note that the warping functions j and the potential functions j share similar features since they are solutions of
Neumann boundary-value problems, the difference being in the fact that j are solutions of the Poisson’s equations
and j are solutions of the Laplace’s equations, hence j are purely harmonic functions.
The potential stress approach requires the calculation of the irrotational ﬁeld 0 via solution of the two Neumann
problems in	1 and	2 and of the solenoidal ﬁelds  and (T), via the Dirichlet problems in
1,
2, and
3, respectively.
To discuss the leading features of the solutions of the Dirichlet problems, we show in Fig. 5 the functions 
20, 
2 and
the resulting function 
2. We note that 
2 is characterized by signiﬁcant gradients within the domain D compared to
the functions j and j . This ensues from the nature of the Dirichlet problems where the functions must satisfy the
boundary conditions 
j = 0 on D and must be constant on the inner lacunae. This causes signiﬁcant variations of
the potential functions 
j within the domain. Similar features are observed in Fig. 6 for the functions 
30, 
3 and the
x1
x2
F
C
2 
a
4 a
a/4
a/2
a/2
a
1
1
0
Fig. 2. The geometry of the doubly connected piece-wise smooth domain when a = 10 and  = 0.3 with the centroid C, ﬂexure center F and the
principal inertia (solid lines) and ﬂexure axes (dashed lines).
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Fig. 3. The warping functions obtained with the displacement method: (a) 1; (b) 2, and (c) 3.
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Fig. 4. The potential functions obtained with the mixed approach: (a) 1; (b) 2, and (c) 3.
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Fig. 5. The potential functions obtained with the stress approach: (a) 
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Fig. 6. The potential functions due to uniform torsion obtained via the stress approach: (a) 
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3, and (c) resulting Prandtl’s function 
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Fig. 7. (a) Flexure: convergence of the principal shear factor I, S,D, and M denote the stress, displacement and mixed approaches, respectively.
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Fig. 8. The geometry of the simply connected domain when R = 1 and t = 0.02, with the ﬂexure center and the principal and ﬂexure axes.
combined Prandlt’s function 
3 regulating the solenoidal ﬁeld (T) arising from the pure torsion. Also the Dirichlet
boundary data are discontinuous at the corners; this causes high local gradients in the stress functions and, hence, in
the shear stress.
Next, the convergence of the different methods is shown in Fig. 7. We considered the principal shear factor I
observing its variation with the number of the ﬁnite-elements N (reported in log scale) and with the order of the
interpolating functions, quadratic and cubic. As expected, with a low number of ﬁnite-elements, the difference in
accuracy between the cubic and quadratic elements is signiﬁcant. Further, the displacement method (D) and the mixed
method (M) yield the same accuracy in the weak solutions since they are both governed by Neumann boundary-value
problems. The potential stress approach (S) is less accurate. The loss in accuracy with the potential approach becomes
more serious as the number of lacunae increases because, as mentioned, the solutions of Dirichlet problems suffer
overall high gradients and depend, through the indeterminate quantities yji , on integral properties which are affected
again by these gradients. Moreover, we observe that with an increasing number of lacunae, the number of functions to
be computed via the potential stress approach increases signiﬁcantly. For a domainwith L lacunae, in themodiﬁed stress
formulation, there are 3(1 + L) Dirichlet problems and two Neumann problems resulting into 5 + 3L boundary-value
problems. On the other hand, the displacement and mixed approaches lead to three Neumann problems only.
In Fig. 8, the circular domain with the radial cut-out is shown. The principal inertia and ﬂexure axes are collinear
whereas the ﬂexure center F is well offset to the left of the centroid C. In Fig. 9, the warping functions 1, 2, and
3, obtained with the displacement method are shown. It is worth observing that a circular domain does not exhibit
torsional warping3 as opposed to the present case with the cut-out which, on the contrary, exhibits signiﬁcant warping.
As expected, the ﬂexure warping due to a shear force along the axis of symmetry is negligible (Fig. 9a) whereas it
is signiﬁcant for a shear force in the orthogonal direction (Fig. 9b). On the other hand, in Fig. 10, the shear stress
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Fig. 9. The warping functions obtained with the displacement method: (a) 1; (b) 2, and (c) 3.
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Fig. 10. The stress ﬁelds due to Q1 = 1 (a), Q2 = 1 (b), and M3 = 1 (c).
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Fig. 11. The stress approach: (a) the function	2 associatedwith the ﬂexure irrotational ﬁeld; (b) the function
2 associatedwith the ﬂexure solenoidal
ﬁeld, and (c) 
3 associated with the torque-induced solenoidal ﬁeld.
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Fig. 12. The stress ﬁelds due to the shear force Q2 = 1: (a) 0 (irrotational shear ﬁeld) and (b)  (solenoidal shear ﬁeld). In part (c), the solenoidal
stress ﬁeld due to T = 1.
ﬁelds caused by Q1 = 1 (Fig. 10a), Q2 = 1 (Fig. 10b), and T = 1 (Fig. 10c), respectively, are shown. There is a stress
localization around the inner cut for the shear force Q2 normal to the cut and for the torque loading condition. In
Fig. 11, some of the results obtained with the potential stress approach are also shown, namely, the functions 	2 and

2 associated with the irrotational and solenoidal ﬁelds due to the ﬂexure and, in Fig. 11c, the function 
3 associated
with the torque-induced solenoidal ﬁeld. Finally, the properties of the irrotational (0) and solenoidal () parts of the
ﬂexure stress ﬁeld (F) and those of the twist solenoidal ﬁeld (T)can be well appreciated in Fig. 12 where the associated
ﬂow lines are shown. The irrotational ﬁeld, as expected, has non-closed ﬂow lines whereas the solenoidal ﬁelds are
characterized by closed ﬂow lines. It is of physical interest to consider that the Poisson’s contraction phenomenon
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introduces some solenoidal character into the shear stress ﬁeld which, nonetheless, preserves its prevalent irrotational
nature.
8. Conclusions
Different strategies to the formulation and consequent solution of the relaxed elasto-static rod problem due to Saint-
Venant have comparatively been discussed. In particular, the displacement and the mixed approaches lead to three
Neumann boundary-value problems whereas the standard potential stress approach is, in general, governed by three
Dirichlet boundary-value problems. A modiﬁed version of the potential stress approach is proposed based on the
fundamental theorem of vector calculus, whereby the shear stress due to a shear force applied at the ﬂexure center can
be expressed as the superposition of an irrotational shear ﬁeld (leading part) and a solenoidal shear ﬁeld (higher-order
effect); on the other hand, the shear stress due to torsion is purely solenoidal. This approach leads to Dirichlet and
Neumann boundary-value problems. Although an insightful physical interpretation of the properties of the potential
ﬂow and its dependence on the Poisson’s effect is gained, this formulation becomes computationally demanding when
the cross-sectional domains are multiply connected with large numbers of lacunae.
It was shown that, introducing appropriate transformations that render the ﬁeld equations homogeneous for the three
approaches (the Poisson’s equations are transformed into Laplace’s equations), the reformulation of the Laplace’s
equations as boundary integral equations discloses an important property of the Saint-Venant problem. Although it is
posed as a three-dimensional elasticity problem, it turns out to be governed by three one-dimensional integral equations
deﬁned on the boundary of the cross-section domains.The solutions—either the stress functions or thewarping functions
due to shear forces and torque—are the superpositions of harmonic functions and polynomial functions whose actual
shapes are determined only by the geometry of the boundary, the moments of inertia of the overall domain, and the
Poisson’s ratio.
In particular, among the different solution strategies, the weak solutions of the Neumann and Dirichlet problems
have been investigated for two piece-wise smooth domains employing ﬁnite-element discretizations based on triangular
elements. The main ﬁndings highlight that the solutions of the Dirichlet problems suffer loss of accuracy due to the
signiﬁcant gradients within the domain in contrast to the more ‘regular’ solutions of Neumann problems. The loss in
accuracy with the potential stress approach becomes more serious as the number of lacunae increases because the high
gradients of the solutions are accordingly enhanced. Another detrimental effect of the potential stress approach is the
increase of computational costs for multiply connected domains. The results suggest that the displacement approach
or the mixed approach, based on Neumann problems, are computationally preferable with respect to the accuracy and
computational costs.
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Appendix A. The shear factor tensor
From the energy equation (16), the symmetric tensor of the shear factors is obtained. In the following, the independent
components are reported for the different methods.
A.1. The displacement approach
11 = A4(1 + )2J2
{
2(1 + 2)
∫
D
1x1 dA + 
2
4J2
∫
D
(x · x)2 dA
− 
∮
D
1
[
1
2
(x21 − x22 )n1 + x1x2n2
]
ds
}
, (53)
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22 = A4(1 + )2J1
{
2(1 + 2)
∫
D
2x2 dA + 
2
4J1
∫
D
(x · x)2 dA
− 
∮
D
2
[
x1x2n1 − 12 (x
2
1 − x22 )n2
]
ds
}
, (54)
12 = A8(1 + )2
{
2(1 + 2)
[
1
J1
∫
D
1x2 dA + 1
J2
∫
D
2x1 dA
]
−
[
1
J1
∮
D
1
(
x1x2n1 − 12 (x
2
1 − x22 )n2
)
ds + 1
J2
∮
D
2
(
1
2
(x21 − x22 )n1 + x1x2n2
)
ds
]}
. (55)
A.2. The mixed approach
11 = A
J2
[
J2
∮
D
1g
∗
1 ds +
1
4J2
∫
D
(x21 − ¯x22 )2 dA −
∫
D
(∇1 · a1)(x21 − ¯x22 ) dA
]
, (56)
22 = A
J1
[
J1
∮
D
2g
∗
2 ds +
1
4J1
∫
D
(x22 − ¯x21 )2 dA −
∫
D
(∇2 · a2)(x22 − ¯x21 ) dA
]
, (57)
12 = A
[∫
D
(∇1)·(∇2) dA − 12J1
∫
D
(∇1·a2)(x22 − ¯x21 ) dA −
1
2J2
∫
D
(∇2·a1)(x21 − ¯x22 ) dA
]
. (58)
A.3. The potential stress approach
11 = A
J2
∫
A
(	1x1 − ¯2
1x2) dA, 22 =
A
J1
∫
A
(	2x2 + ¯2
2x1) dA,
12 = A
J2
∫
A
(	2x1 − ¯2
2x2) dA. (59)
Appendix B. Boundary integral equations
One possible formulation of the Dirichlet problem for the Laplace’s equation is based on the double layer represen-
tation of the harmonic solution v as
v(x) =
∮
D
(xQ)

n
[log |x − xQ)|] dsQ, x ∈ D, xQ ∈ D, (60)
where the density function  is solution of the following boundary integral equation:
−(x) +
∮
D
(xQ)

n
[log |x − xQ)|] dsQ = g(x), x ∈ D, (61)
where g is the Dirichlet boundary data for the different previously shown problems (the subscript j has been dropped
for ease of notation). This equation can be solved using Nyström method with the trapezoidal rule as the numerical
integration rule. Once the function  is determined on the boundary, the solution within the domain can be obtained
employing (60).
The solution of the Neumann problem for the Laplace’e equation can be effectively expressed using the following
single layer representation:
v(x) =
∮
D
(xQ)[log |x − xQ)|] dsQ, x ∈ D, xQ ∈ D, (62)
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where the density function  is solution of the following boundary integral equation:
(x) +
∮
D
(xQ)

n
[log |x − xQ)|] dsQ = g(x), x ∈ D, (63)
where g is the Neumann boundary data for the different previously shown problems.
Appendix C. Weak formulations of Dirichlet and Neumann BVPs
The Dirichlet problem with homogeneous boundary conditions is cast in the general form: ∇2u = −f in D and
u = 0 on D where f ∈ L2(D) where L2(D) is the linear space of measurable functions. The weak solution is sought
as u ∈ H 10 (D) such that∫
D
∇u · ∇w dA =
∫
D
fw dA, ∀w ∈ H 10 (D), (64)
where w is the test function. Non-homogeneous boundary conditions can be rendered homogeneous introducing
appropriate smooth transformations. This is preferable to the weak formulation of the Dirichlet problem with non-
homogeneous boundary conditions because in this case the Lax–Milgram lemma cannot be applied.
The Neumann problem with non-homogeneous boundary conditions is cast in the general form: ∇2u = −f on D
and u/n= g in D where (f, g) ∈ L2(D). In general, the classical solution of a Neumann problem is not unique: if
u is a solution, u+ c, c ∈ R, is also a solution. Often a side condition as ∫D u dA=0 is added to determine the classical
solution uniquely. The weak solution of the Neumann problem is sought as u ∈ H 1(D) such that∫
D
∇u · ∇w dA =
∫
D
fw dA +
∮
D
gw ds, ∀w ∈ H 1(D). (65)
A necessary condition for the existence of the weak solution is∫
D
f dA +
∮
D
g ds = 0 (66)
which is obtained from (65) putting w ≡ 1. This condition can be shown to be also sufﬁcient.
We note that for smooth domains both the data f and g are smooth, in particular C∞(D¯), for Dirichlet and Neumann
problems. On the other hand, for piece-wise smooth domains, the data f are still smooth; however, the data g in the
boundary conditions can be piece-wise smooth, still belonging to L2(D). Hence, applying the Lax–Milgram lemma,
considering that the bilinear form a(u,w) := ∫D ∇u · ∇w dA is bounded and H-elliptic, the weak solution u of the
Dirichlet problem (64) or that of the Neumann problem (65) is unique.
References
[1] K. Atkinson, W. Han, Theoretical Numerical Analysis, Springer, NewYork, 2001.
[2] R. Baldacci, Fondamenti di Meccanica dei Solidi, UTET, Torino, 1983 (in Italian).
[3] A.J.C. Barré de Saint-Venant, Mémoire sur la Torsion des Prismes, Mémoire des Savants Étrangers 14 (1855) 233–560.
[4] A.J.C. Barré de Saint-Venant, Mémoire sur la Flexion des Prismes, J. de Mathematiques de Liuoville Ser. II 1 (1856) 89–189.
[5] A.I. Borisenko, I.E. Tarapov, Vector and Tensor Analysis with Applications, Dover Publications, NewYork, 1979.
[6] COMSOL, Comsol Multiphysics Inc., Stokholm, Sweden, 2005.
[7] A. Di Carlo, Il Problema di SaintVenant, LectureNotes for a Seminar Series, Department of Structural andGeotechnical Engineering, University
of Rome La Sapienza, Rome, 1993 (in Italian).
[8] S.B. Dong, J.B. Kosmatka, H.C. Lin, On Saint-Venant’s problem for an inhomogeneous, anisotropic cylinder. Part I: Methodology for Saint-
Venant solutions, J. Appl. Mech. 68 (2001) 376–381.
[9] G. Fichera, Problemi Analitici Nuovi nella Fisica Matematica Classica, Quaderni del CNR-GNFM, 1985 (in Italian).
[10] D. Iesan, On Saint-Venant’s problem, Arch. Rational Mech. An. 91 (1986) 273–363.
[11] E.A.H. Love, A Treatise on the Mathematical Theory of Elasticity, Dover Publications, NewYork, 1944.
W. Lacarbonara, A. Paolone / Journal of Computational and Applied Mathematics 206 (2007) 473–497 497
[12] A. Luongo, A. Paolone, Scienza delle Costruzioni. Il Problema di De Saint Venant CEA, Milan, 2005 (in Italian).
[13] A.S. Petrolo, R. Casciaro, 3D beam element based on Saint Venant’s rod theory, Comput. Struct. 82 (2004) 2471–2481.
[14] W.D. Pilkey, Analysis and Design of Elastic Beams—Computational Methods, Wiley, NewYork, 2002.
[15] A. Prokic´, Computer program for determination of geometrical properties of thin-walled beams with open proﬁle,Adv. Eng. Software 30 (1999)
109–119.
[16] G.C. Ruta, On the ﬂexure of a Saint-Venant cylinder, J. Elasticity 52 (1999) 99–110.
[17] I.S. Sokolnikoff, Mathematical Theory of Elasticity, McGraw-Hill, NewYork, 1956.
[18] S.P. Timoshenko, J.N. Goodier, Theory of Elasticity, McGraw-Hill Companies, NewYork, 1990.
